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We give a characterization of the structure of the symmetry groups of perfect 
1-factorizations of the complete graph on 2n vertices. This characterization is strong 
for symmetry groups which have no trivial stability subgroups. In this case if n is 
not prime, we show that the full group of symmetries must be a semi-direct product 
of a nilpotent group which acts strictly transitively on 2n - 1 vertices with a sub- 
group of its automorphism group consisting of fixed-point-free automorphisms. As 
a consquence there are certain values of 2n (for example 16, 36, 40, 52, 56, 64, 66, 
70, 76, 88, 92, and 98) for which every symmetry group must have at least one 
trivial stability subgroup, and thus its order must be less than 2n. We also show 
that the order of any symmetry group must divide one of the numbers 2n(2n - l), 
2n(n - l), or (2n- 1)(2n -2). Moreover if the order of the symmetry group is 
(2n - l)(n - 1) or greater, then it must act 2-homogeneously on the l-factors, and 
it must have (Z,)m as the nilpotent group mentioned above where p is prime. 
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1. INTRODUCTION 
A perfect l-factorization of a graph is a collection of l-factors such that 
every edge is in exactly one l-factor, and the union of any two l-factors is 
a Hamiltonian circuit. K,, is the complete graph on 2n vertices, and we use 
PlF to indicate a perfect l-factorization of K,,. Except for eight values of 
2n (16, 28, 36, 50, 244, 344, 1332 and 6860), KZn is known to have a PlF 
only when either n is prime or 2n - 1 is prime (see [A 1, A2, E, 13, Kl, K2, 
K3]). We discovered in [I1 ] that these two infinite families of PlFs can 
be explicitly generated from the assumption that the symmetry group of 
these PlFs has a non-central element of order 2 with at least one fixed- 
point. Moreover, these two infinite families constitute the only PlFs which 
have this symmetry property. We also indicated in that paper that many of 
the- known techniques for constructing PlFs (such as the starter, even star- 
ter, and finite field constructions) are equivalent to searches for PlFs which 
have certain symmetry properties. This suggests that one approach to the 
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problem of generating new PlFs is to first discover which groups are 
possible symmetry groups of PlFs, and then use the information that this 
symmetry contains to help generate new PlFs. 
In this paper we give several results which restrict the structure of the 
symmetry group of a PlF. The main result of this paper is Theorem 4.1 
which states that every PlF either has a small symmetry group, is cyclic, 
or is starter-induced. A PlF is said to have a small symmetry group if there 
is a vertex such that the only symmetry that fixes this vertex is the identity. 
This means in particular that the cardinality of the symmetry group is the 
same as the cardinality of the orbit which contains this vertex, and thus the 
symmetry group must have 2n or fewer elements. In practice it seems that 
more symmetry than this is needed to find an algorithm for generating 
PlFs which will be effective for large n. A PlF on KZn is called cyclic if 
there is a 2n-cycle which is a symmetry. Although these PlFs can have 
large amounts of symmetry, they can only exist when n is prime. Moreover, 
when n is prime one can show that there is a l-l onto correspondence 
between cyclic PlFs on KZn and starter-induced PlFs on K, + 1 (see [ 121). 
Thus, the study of those PlFs which do not have small symmetry groups 
reduces to the study of starter-induced PlFs. A starter-induced PlF on KZn 
is a PlF for which there is a subgroup of the symmetry group of car- 
dinality 2n - 1 which has exactly two vertex orbits, one of which consists 
of a single vertex. This subgroup is called the starter-group (if it exists it 
must be unique). The terminology starter-induced arises from the fact that 
one may obtain all the l-factors of the PlF by translating any fixed 
l-factor (called the starter) by the elements of the starter-group. 
Theorem 4.1 also gives a fairly detailed description of the structure of the 
symmetry group of a starter-induced PlF. If the symmetry group is larger 
than G, the starter-group, then G must be nilpotent. Moreover, the sym- 
metry group must be a semi-direct product of G with a subgroup H of the 
group of automorphisms of G. Also, every non-trivial automorphism of H 
can only fix the identity in G, and the order of H must be odd. Using the 
fact that a nilpotent group of square-free order is cyclic, one can use these 
constraints to see that, for certain n, every PlF has a small symmetry 
group. Some of these values of 2n are 16, 36, 40, 52, 64, 66, 70, 76, 88, 92, 
and 96. 
There is some indication that the characterization of the symmetry of 
starter-induced PlFs may be fairly sharp. Starter-induced PlFs with a 
cyclic starter-group (called l-factor cyclic) have been well studied. l-Factor 
cyclic Pl Fs of K,, have been given for 4 < 2n < 22 in [ A31 and for 
24 < 2n d 30 in [Sl 1. We find that the only possible symmetry groups with 
a cyclic starter-group which do not actually occur as a symmetry group of 
some l-factor cyclic PlF are [Z7]Z’3 on K, and [H13JZ3 on K,,. 
Using the results needed to show 4.1 we are able to give some general 
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results about symmetry groups of PlFs. One such result is that the order 
of any symmetry group of a PlF must divide either 2n(2n - 1 ), 2n(n - 1 ), 
or (2n - 1)(2n - 2) (see Theorem 3.11). Also we give a resonable charac- 
terization of the structure of an arbitrary symmetry group (see 
Theorem 4.9). The group structure of the symmetry group is fairly well 
specified except in the cases in which the symmetry group is small (see 
4.9(f) and (g)). It remains an open question whether there are any further 
restrictions on the group structure of these symmetry groups. 
At the end of the paper, in 4.11, we show that for fixed n the largest 
possible order of a symmetry group of a PlF which is not in the two 
known infinite families of PlFs is (2n - 1 )(n - 1). If the symmetry group of 
a PlF has this order, then the symmetry group must act 2-homogeneously 
on the l-factors. For these PlFs we have that 2n - 1 must be a prime 
power pm, and that the PlF is starter-induced with starter group (Zp)m. 
We finish this section by establishing some notation and by recalling a 
few of the essential results from [I1 ] that will be used here. 
1.1. Notation. The following is our notation related to groups. 
(a) Let X= ( 1,2, 3, . . . . 2n) be the vertex set. 
(b) If Y is a set then Sy is the group of permutations of Y. 1 denotes 
the identity permutation. 
(c) Let A c S,. (A ) denotes the subgroup generated by A. FA is the 
set of those vertices that are fixed by each element of A. If z E S,, then F7 
vertices fixed by z. 
G be a subgroup of Sy and y E Y. G(y) is the G orbit that 
G(y)= (y’:y’=gyforsomegEG}. 
(e) qy is the stability subgroup of G at y, i.e., 
G,= I&-G: dY)=Y)* 
Let G, yf d note (GJ,,,. 
(0 
il 
et AC Sx. N(A) denotes the normalizer of A which is 
(m!&: m -’ E A for each cc E A). C(T) denotes the centralizer of z which 
is N((z}). 
(g) 1 YI is the cardinality of Y. If g E G a group, then o(g) is the order 
of g. 
(h) qt H, and H2 be subgroups of a group G. Let HI be normal in 
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G, H, H, = G, and H, n H, = (I}. Then G is a semi-direct product of H, 
with H,. This is denoted by 
G= [HJH,. 
(i) &,, is the cyclic group of order m. D, is the dihedral group of 
order 2m. (D, is the symmetry group of a regular m-gon, and 
km = CL1 6) 
1.2. Notation. The following is our notation related to PlFs. 
(a) A l-factor of a graph is a collection of edges in the graph such 
that each vertex is attached to exactly one edge in the collection. Thus, we 
may associate a vertex permutation to each l-factor which takes one vertex 
to another if and only if the two vertices are attached by an edge in the 
l-factor. Any permutation arising in this way will have order 2 and no 
fixed-points, and every such permutation arises from a l-factor of K,,. 
Thus, we call the vertex permutation c a l-factor if o(a) = 2 and F, = 0. 
(b) A pair of l-factors g1 and c2 are called Hamiltonian if the edges 
in the two l-factors form a Hamiltonian circuit; that is, they form a cycle 
of length 2n. The corresponding definition in terms of groups is that 
(c~i, a,) acts transitively on the vertex set. 
(c) A collection P of l-factors of a graph is called a perfect 
l-factorization of that graph if every edge of the graph is contained in one 
of the l-factors in P and if any pair of distict l-factors is Hamiltonian. 
When the graph is K2,, this is equivalent to IPI = 2n - 1, and any pair of 
distinct l-factors is Hamiltonian. The statement P is a PlF means P is a 
perfect l-factorization of the graph K,,. 
(d) ZF is the full symmetry group of P. Thus, ZF is the collection of 
all vertex permutations that transform every l-factor in P into a l-factor 
which is again in P. I, denotes any subgroup of 15. Elements of Z: are 
called symmetries. 
(e) If z is a symmetry, and 0 E P, then we let z(z)(a) denote the 
l-factor in P obtained by transforming o by z. In other words, I: I, + S, 
with z(z)(a) = z~z-l. 
(f) If z is a symmetry of order 2 which has at least one fixed-point, 
then z is called a modified l-factor symmetry or a modified P element. The 
reason for this terminology is that [Il, 3.131 shows each such symmetry is 
a l-factor in P which has been “modified” by having a single edge deleted. 
In particular, all such symmetries have exactly two fixed-points. 
We recall here some of the basic results which will be used in this paper. 
1.3. Remark. (a) z is l-l for n > 2 (see [A4]). Note that if the 
l-factorization is not perfect, z need not be l-l. 
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(b) The pair consisting of Q 1 and cl is Hamiltonian iff pi c2 is the 
product of two disjoint n-cycles (see [ 11, 2.31). The idea behind this result 
is that clol will follow along the Hamiltonian cycle two edges at a time, 
and so any particular vertex will move in an n-cycle under this permutation. 
(c) If the pair consisting of o1 and o2 is Hamiltonian, then any non- 
trivial symmetry that commutes with 6, and c2 can not fix any vertex. The 
reason this is true is that if z commutes with c1 and c2, then z must com- 
mute with the Hamiltonian cycle obtained from o1 and ~7~. Thus, if z fixed 
a vertex it would fix every vertex in this cycle, and thus every vertex. We 
also have C(a,) n C(a,) = ‘D, (see [II, 2.91 for details). 
(d) Any non-trivial symmetry fixes at most two vertices. This follows 
from (c) because any symmetry that fixes three vertices will fix at least two 
l-factors. This is true since a symmetry will fix any l-factor with an edge 
connecting any two vertices fixed by the symmetry. 
(e) If there is a symmetry of order 2 with no fixed-points, then n 
must be odd. The idea behind this is as follows. If z is the symmetry, 2(a) 
says there is a l-factor o such that c and zoz are distinct l-factors in P. 
Thus, (0, zaz ) must act transitively on X. Since ( CJ, z ) contains (cq zoz ), 
(0, 2) also must act transitively on X. Thus, oz has order n by (b). 
If n were even, then OZ~Z would have order n/2 which would then 
contradict (b). 
Next, we summarize some information about the known infinite families 
of PlFs. 
1.4. DEFINITION. P is called a classical PlF if it is either of the two 
known infinite families of PlFs, GK p+l (pisprimeandp+1=2n)orGA,, 
(p is prime and p = n). 
1.5. Remark. IgKp+, = [zp]z(p--l) and ILAzp= [Z,]Z,,-,, (see [A4]). 
Using 1.5 we may restrict ourselves to non-classical PlFs. The remark 
below enables us to focus on PlFs which have no modified l-factor 
symmetries. 
1.6. Remark. Let P be a non-classical PlF. Let I, contain a modified 
l-factor symmetry. The following statements are true (see [Il, 5.51 and 
111, 5.91). 
(a) There is only one modified l-factor symmetry, and thus it is 
central in Zg. 
(b) I1Fl divides 2n - 2, and any vertex fixed by a non-trivial 
symmetry must be one of two special vertices (called ideal points). 
(c) ZF has at most three elements of order 2. 
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2. THE ORBIT STRUCTURE OF I, 
In this section we define the concept of a small symmetry group, and we 
examine the orbit structure of symmetry groups that are not small. 
2.1. DEFINITION. I, is called small if there is an in X such that 
VA= m- 
2.2. Remark. If I, is small, then Jlp( < 2n. 
2.3. LEMMA. Let fb denote the number of elements of Ip which has 
exactly b fixed-points, and let m be the number of orbits of I,. We have 
2n - 2 = (m - 2) jIpl + 2fo +fi. 
ProoJ: Recall that Burnside’s lemma (see [P, p. 131) states that 
The sum above simplifies to fi + 2f2 + 2n since each symmetry other than f 
has at most two fixed-points. The relation 11J = fO + fi + f2 + 1 now gives 
the result. 1 
2.4. THEOREM. If I, has no modified l-factor symmetries, then either I, 
is small or Ip has at most 2 orbits on X. 
Proof. Assume the number of orbits of I, is 3 or more, and assume Ip 
is not small. Lemma 2.3 gives us 
(2n - 2)/(m - 2) b lIpI. 
Next, let i, be a set of orbit representatives for the orbits of Ip. We have 
We have I(lp)i,l > 1 for each a because I, is not small. Since I, has no 
elements of order 2 with fixed-points, we may then conclude that 
I (Zp)J > 3 for each a. This means 
2n < II,/ m/3 < 2(n - l)m/(3m - 6). 
If we use n - 1~ n, we find 1~ m/(3m - 6) which contradicts m 3 3. 1 
We will now give a result which will be useful in determining what orbits 
may contain fixed-points of z. It will have an important use in a different 
context in Section 3. 
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2.5. LEMMA. Let G be a finite group which acts on a finite set Y. Suppose 
G/-I G,t = (i) w  h enever y # y’. The following are true: 
(a) If G, and G,, are both not (I>, then there is a g E G such that 
g(v) =Y’- 
(b) ‘fGy # {I}, then 
ProoJ Again using Burnside’s lemma we find 
m IGI = I YI +fi, (*) 
where, as before, m is the number of G orbits in Y, and fb is the number 
of group elements having exactly b fixed-points. This gives us 
(m-1) IGI <WI* 
If we let ya be orbit representatives, we also have 
WI = IGI (C, l/lG,l). (**) 
First consider when m = 1. We find (a) is true since G acts transitively on 
Y. Also, (b) is true since (*) and (**) say 
fo +fi + 1 = IWIGyI +fi 
as desired. We may thus assume that m > 1. This gives 
Iw4YI (C, lilG~,,l)/W~. 
If )GJ > 1 for more than one value of a, then the inequality above 
becomes 
1 < (l/2 + l/2 + m - 2)/(m - 1) = 1. 
This contradiction shows I G,J # 1 for at most one a, and (a) has been 
shown. To see (b) we use (a) and (*) together with (**) to find 
fi =m IGI - IYI =m IGI -(m- 1) PI - IWlG,l 
= PI - IWlG,l 
which completes the result. 1 
We now give two important corollaries of this result. 
582bJ4?/3-5 
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2.6. COROLLARY. Let I, have odd order. Suppose both (Ip)i,j and (Ip)i’,j’ 
are not (I), where i # j and i’ #j’. The following are true. 
(a) There is a z E Ip such that {i’, j’> = (z(i), z(j)}. 
tb) fo +fi = IIPIII(IP)i,jl - 1 (fb is the number of elements of Ip with 
exactly b fixed-points). 
Proof Let G = I, and Y = ( {i, j}/i, j E X and i #j} in 2.5. Let G act on 
Yin the natural fashion (z( { i, j}) = (T(i), T(j)}). Let y = (i, j) E Y. We first 
claim G, = (Ip)i j. Clearly, (I,),iC G,. Let z E G,. Then z leaves the set 
{i, j> invariant so that r2 E (Ip)i,j. o(r) is odd which means there is an 
integer b such that 22b = z, and thus r E (1,),,j as desired. Next, suppose 
that y # y’. Then I y u y’l 2 3. Thus, if z E G, n G,,, then z has at least three 
fixed-points which means t = f by 1.3(a). This shows the conditions of 2.5 
are satisfied. Now 2.5 gives the conclusions of this corollary directly. 1 
2.7. COROLLARY. If f is the only element of Ip that fixes at least two 
vertices, then the following are true: 
ta) If  CrP)i and <IP>j are not (I>, then there is a z E I, such that 
z(i) = j. 
(b) fo = I~Plll&J)il - 1. 
(c) If I I,1 is odd, then I, is small. 
Proof Let I, = G and X = Y in 2.5. Statements (a) and (b) follow 
directly from 2.5(a) and (b). We now show (c). Ir cannot have one orbit 
in X since in this case 1x1 = 2n would divide 11,l which is odd by assump- 
tion. Since I, has at least two orbits in X, (a) says that (r,)i = (I> for i in 
one of these orbits, and (c) is complete. 1 
3. THE GROUP STRUCTURE OF I, 
In this section we are able to obtain enough information about the group 
structure of Ip to enable us to give a fairly precise description of those sym- 
metry groups that are not small. The key ingredient in our analysis is the 
generalized Sylow theorem which applies only to solvable groups. For- 
tunately, we are able to show that every Ip which does not contain a 
modified l-factor symmetry is solvable. This is sufficient for the analysis of 
those symmetry groups that are not small because symmetry groups with 
a modified l-factor symmetry are necessarily small. Although we show that 
every symmetry group of a PlF is solvable for n even, it remains an open 
question wheter this is true for n odd. We start with the solvability 
theorem. 
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3.1. THEOREM. Let I, contain no modiJied 1 -factor symmetries (as 
defined in 1.2(e)). Ip is solvable, and one of the following is true. 
(a) lIPI is odd. 
(b) (IPJ =2k h w ere k is odd. There is a subgroup G c I, such that 
IGJ =k andI,= [G]z2. 
(Note that this theorem is also true for the symmetry group of a perfect 
l-factorization of any graph which has 2n vertices when n is odd.) 
ProoJ: First we show that either (a) or (b) is true. Suppose IZpJ is even. 
Let H be a Sylow 2-subgroup of ZP. We will show if z E H and z(i) = i for 
some ie X, then z = 1. If z(i) = i and z # 1, then let r0(7)/2 = 0. We have 
o(a) = 2 and a(i) = i. This is a contradiction because ZP is assumed to have 
no modified l-factor symmetries. Thus, our assertion is correct. This means 
Hi = (‘i> for each i E X, and thus every orbit of H in X has cardinality I HI. 
This says I HI divides 1x1 = 2n. Now since IP has an element of order 2 
which is not a modified l-factor symmetry, 1.3(e) shows that n is odd. This 
means I HI = 2, and therefore (IPI = 2k where k is odd. Since n is odd, any 
element of IP of order 2 is an odd permutation. This means the set of even 
permutations in ZP forms a normal subgroup G of index 2 in ZP. Clearly 
G n H = (I}, and IGH( = 2k so the semi-direct product statement has been 
verified, and either (a) or (b) is true. To finish we need only show that I, 
is solvable. In case (a) this follows directly from the Feit-Thompson 
theorem (see [F] or [S, 3.1, p. 3561). In case (b) G is solvable by the 
Feit-Thompson theorem. Since I, is then an extension of the two solvable 
groups G and z,, we have that Ip is solvable by [H, 9.2.1, p. 141 J. The 
proof is now complete. 1 
Note that 3.1, together with 1.5 and 1.6(b), says if n is even, then I, is 
always solvable. 
3.2. DEFINITION. Let P contain no modified l-factor symmetries. Define 
lgdd to be ZP when lZpl is odd and to be the group G of 3.1 (b) when /ZJ 
is even. 
The following lemma will prove useful in the study of IP which are not 
small. 
3.3. LEMMA. Let Ip contain no modified l-factor symmetries. 
(a) IfZFdd is small, then I, is small. 
(b) If Ip is not small, then Iid” has exactly two orbits on X. 
ProoJ We start with (a). Assume IZJ = 2k because otherwise there is 
nothing to prove. Let iE X be such that (Z;dd)i = (1). Thus, IZ,(i)l 3 k. 
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Since ) IP( i) 1 divides 2k, we have that [I,( i)l must be either k or 2k. It 
cannot be k since I, contains an element of order 2 with no fixed-points, 
and k is odd. Thus, it must be 2k, and I, is small as desired. We now use 
(a) to show (b). If Ip is not small, then 1idd is not small. We may apply 
2.3 to find that IFdd has at most two orbits. Iidd cannot have one orbit for 
if it did its order would be divisible by 2n, and thus it would be even. This 
completes the result. 1 
We now begin the specific analysis of the structure of I,. We first find 
information concerning the order of I,. 
3.4. LEMMA. Let I, contain no modified l-factor symmetry. lIpl divides 
n(n - 1)(2n - 1). 
(Note that the same proof may be used to show if I, is the symmetry 
group of a perfect l-factorization of an arbitrary graph with 2n vertices and 
kn lines, then lIpI divides 2nk(k - 1 ).) 
Proof. Let Z= (( i, 6,~‘): i E X, o and 0’ E P with 0 # o’}. Let Ip act on 
2 via p as follows: 
p:I,xZ+Z 
p(z, (i, 0, a’)) = (z(i), zbzC1, ZCJ’Z-~). 
We claim p(z, z) = z, for any z E Z, implies z = f. This is true because if 
z = (i, 6, a’), then p(z, z) = z means z(i) = i and z E C(a) n C(a’). But 1.3(c) 
says that the only element in C(a) n C(a’) which has a fixed-point is f. 
This means [1,1 is the cardinality of any of the orbits of Ip on Z. Thus lZpl 
divides IZI = 2n(2n - 1)(2n - 2) = 8(n(n - 1)(2n - 1)/2). Using 3.1 we have 
that. lIPI must also divide 2(n(n - 1)(2n - 1)/2) as desired. i 
3.5. DEFINITION. Let I, contain no modified l-factor symmetry. Let 
iI,1 =m,m,m, where m. divides 2n, m, divides 2n - 1, and m2 divides 
n - 1 with m2 odd. Define I, to be any fixed subgroup of Ip such that 
Note that, since I, is solvable, such I, exist by the extended Sylow theorem 
(see [H, 9.3.1, p. 1411). Also, the intersection of any pair of these sub- 
groups is (2>. 
Next, we will prove some lemmas which will enable us to analyze the 
fixed-point sets of I, and ultimately show that one of the m, must be 1. 
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3.6. LEMMA. Let Ip 1 G # {‘: >, and let [ZJ be odd. 
(4 FG = I;;v(G). 
(b) If G is abelian, then FG = FT for all z E G with z # f. 
Proqf. Let z E N(G). We first show that 
z(Fo) = FG. 
Let i E FG and g E G. Then 
g(z(i)) = T((rC’gt)(i)) = z(g’(i)) = z(i) 
since g’ E G. Thus, z(i) E FG as desired. Now since ) Foj < 2 we have that r* 
fixes every element of I;;;. Since [ZJ is odd, r has odd order which means 
z fixes every point in F,. Thus, FNtG’) 1 Fo. Since N(G) I> G, we have that 
FG = FAJ(G), and (a) s complete. Part (b) follows from (a) since if G is 
abelian, then N( (z )) 1 G; therefore FT = F,, <r>j c Fo. But z E G means 
t;c c FT and (b) is complete. l 
3.7. COROLLARY. Let 1 Ipl be odd. Define IF) by 16”’ ‘) = [I~),Z$!)] and 
I(O) = I 
P P* 
(a) Frp = Fq for all k. 
(b) Let IF+‘) = {I> and $“#(‘I). If ZEI(~~) with r#f, then 
FIp= F,. 
Proof. First consider (a). We have that I(pk+ I) c Ilpk) c N(I$!’ I)) so that 
FNc+k+u, c F+;) c Ffi/+u. Now 3.6(a) tells us FNt,‘p”+uJ = I;;(pk+l) and so 
Fb;) = Fb;+ 1) for all k. This gives us (a). Part (b) follows from (a) and 3.6(b) 
since 1p) is abelian. 1 
3.8. COROLLARY. Let IIp[ be odd. Let I, have non-trivial center (note 
that this is true if Ip is nilpotent). 
(a) FT = FT1 for all z, z’ E I, with z, T’ # f. 
(b) [IpI divides one of n, n - 1, or 2n - 1. 
Proof. First we consider (a). Let z. be a non-identity element of the 
center of Ip. Let z be any non-identity element of I,. We have (7, zo) is 
abelian so 3.6(b) gives 
Fz = F<T,,,> = Fny 
This completes (a). We now use [I, 3.41 together with (a) to show (b). 
Reference [I, 3.41 says that o(z) will divide 2n, 2n - 1, or 2n - 2 depending 
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on whether IF, 1 is 0, 1, or 2, respectively. Since )I,( is odd, we may replace 
2n, 2n - 1, or 2n - 2 by n, 2n - 1, or n - 1, respectively. Thus, (a) tells us 
I, will be trivial for a # IF,I; here z is any non-trivial element of I,. This 
means I, = I, where /? = IFzI, and (b) is complete. 1 
3.9. LEMMA. Let Ip contain no modified l-factor symmetry. The follow- 
ing are true: 
(a) If m, # 1, then IFI,/ = a. 
(b) If zEI, and z#l, then Fla=FT. 
ProoJ: Observe that if z E I, and z # 1, then IF,1 = a by [I, 3.41, and 
thus it is sufficient to show (b). I, is solvable by (3.1). The definition of 
solvability says there is an m as described in 3.7(b). Let z0 E Z$Y’) with z0 # 1. 
Then F1, = FTO. This means that FT 1 FT,,. But IF,1 =a= IF7,J, and the 
lemma is complete. 1 
Now we come to the fundamental theorem in the analysis of the struc- 
ture of ZP. 
3.10. THEOREM. If I, contains no modified l-factor symmetries, then one 
of the m, described in 3.5 is one. 
ProoJ: First we assume that 11,l is odd. If m2 = 1 we are finished so 
assume that m2 is different from 1. Let G be a subgroup of order mOml (G’s 
existence is guaranteed by the extended Sylow theorem). If z E G, z # f, 
then because o(z) does not divide n - 1 we have that jFTj < 1 (see [I, 3.4 1). 
We claim G is normal in I,. We will show this by showing G = U where 
U is defined by 
which is clearly invariant under conjugation. The observation above says 
that G c U. Thus, we need only show IG( > 1 UI. Statement 2.6(b) says 
I UI = IMl(IP)i,jl f or any i, j such that [(1,)i,il # 1. By 3.9, F12 = (i, j} for 
some i, j giving that I, c (Ip),,j or m2 d I(r,)i,jl* Thus, 
I UI = momlmJl(IP)i,jl < m~ma/m~ = IGL 
This shows U = G, and G is a normal subgroup. Let z E I2 have prime 
order. Conjugation by z gives rise to an automorphism of G of prime order. 
The only fixed-point of this automorphism is 7 because if z commuted with 
any non-identity element g of G, then F, = F<,,,> = Fg by 3.6(b). This is not 
possible since I F,I = 2 and lFgl < 2. Now [S3, 4.22, p. 2121 states that any 
group admitting a fixed-point free automorphism of prime order is nilpo- 
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tent, and thus G is nilpotent. Statement 3.8(b) says either m, or m, is one, 
and the theorem for lZpl odd is complete. 
We now consider the case when lZ,l is even. We apply the above result 
to ZFdd. If mb, m;, and m; are used to denote the values of m, corre- 
sponding to Zidd as specified in 3.5, we have that one of the rn; is one. We 
also have m, = 2mb, m, = m;, and m2 =m; since lZpl = 2 IZ,“ddI. Thus, the 
only case we need consider is when rnb = 1, ml # 1, and m; # 1. Reference 
[I, 6.21 says one of two possibilities is true. The first is I, contains either 
D, or D, when 3 divides n. In this case mb is not 1 so it need not be 
considered. The second case is I, has a unique element of order 2, zo, 
which must, therefore, be central in I,. In this case we show that I, can 
have no element with exactly one fixed-point. Suppose that i is a fixed- 
point of an element z E I,. Then z,(i) will also be a fixed-point of z. Since 
z. has no fixed-points (I, has no modified l-factor symmetries), we have 
l(k roG))l =2 as d esired. This means m 1 = 1, and the proof is finished. 1 
The following corollary of the result above is an important result in its 
own right. 
3.11. THEOREM. For any PlF we have that IZFI divides one of 2n(2n - l), 
2n(n - l), or (2n - 1)(2n - 2). 
Proof If Zc has no modified l-factor symmetry, then this follows 
directly from 3.10. If Z; has a modified l-factor symmetry then, 1.5, 
together with 1.6, gives the result. # 
3.12. THEOREM. Let Zp contain no modified l-factor symmetries. Zf 
Z,#(~)let3,~{0,1,2)betheleastnumbersuchthatm,#1.IfZ,=(f)let 
13 = 0. Let m, = IZ,(/mA, and let Zp be a subgroup of Zp which has order m,. 
Then the following are true. 
(a) ZA is a normal subgroup of I,, I, = [ZA] Zp, and 
(b) ifZp # (I>, then Z, is nilpotent. 
Proof Again we first consider the case when lZpl is odd. If m2 # 1, then 
the proof of 3.10 gives the result since G of that theorem is IA of this one. 
Thus, we may assume that m2 = 1 and so f2 = 0. Let 
I’= (MI,,: lFTl =0} u (1). 
We claim that V= I,. From 2.7 we have I VI = Z,l/l(Zp)il for any i such that 
(Zp)i# {I>. Note if (ZP)i={T) f or all i, there is nothing to prove since 
Zp = lo. Because lo c V (see 3.9), we must only show that I VI < Ilo/. Since 
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wi+ {T) f or some i, we have mi # 1 and FII = ( j} for some j. Since 
Iic (Ip)j, we have ml = 11J < I(I,)J. Thus, 
This shows that IO = V, and thus I, is normal since V is invariant under 
conjugation. As in 3.10, lo is nilpotent since it has a fixed-point free 
automorphism. Thus, the result is complete for 11,l odd. 
We now consider the case when 11,l is even. Since m, # 1 we have that 
I1 = lo so that we must show that I0 is normal. We have Qdd (the subgroup 
corresponding to IFdd in IO) is normal as a subgroup of I, because the 
proof above shows that 
p = (7 E Ip/IFrl = 0 and o(z) is odd} u (I} 
which is invariant under conjugation. Here we use the fact that every ele- 
ment of odd order in Zp is in Iidd. We next observe that every element of 
order 2 is in lo for the following reason. Let z be an element of order 2 in 
lo, and let z’ be any other element of order 2. Now (7, 7’) E DO(rrJJ c Ip 
(see [S, 6.8, p. 1731). Thus, o(zz’) is either 1, 3 or n by [I, 6.21 (if o(zz’) 
were even, then I, would contain a modified l-factor symmetry by [I, 
5.131). In any case zz’ will have odd order and no fixed-points by [I, 3.4) 
(if o(zz’) = 3, then 3 divides n), and so zz’ E Igdd c IO. Since z E lo, we have 
Z’E lo. Now for any gE I, we have gzg-’ E lo and gl,oddgel c Iidd c IO. 
Therefore, g (7, Zzdd ) g - ’ = gl, g - ’ c I,. This shows I, is normal. The fact 
that I, is nilpotent follows as in the proof of 3.10 using the result that any 
group with a fixed-point-free automorphism of prime order is nilpotent 
[S3, 4.22, p. 2121. The proof is now complete. u 
We finish this section with a strong characterization of I,. This 
characterization will enable us to give exactly the group structure of any 
symmetry group that is not small and is not the symmetry group of a 
starter-induced Pl F. 
3.13. THEOREM. Let I, contain no modified l-factor symmetries. 
(a) The Sylow subgroups of IO are all cyclic. 
(b) rfIp#IO then 10=Zm,,. 
Proof Let p divide IZJ, and let H be a Sylow p-subgroup of I,. If 
p = 2, then 3.1 says that H is h, which is cyclic. Next, let p be odd. Con- 
sider the action of H on P by conjugation. Since H is a p-group, we have 
IF& = I PI - ap = 2n - 1 - ap for some integer a. But p divides n, so this 
becomes IFlcH,I =p - 1 + bp for some integer b. Thus, IFlcH,I >p - 1 2 2 
and H c C(a, ) n C(a,) = D, where c1 and CJ~ are distinct elements of P. 
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The only subgroups of D, of odd order are cyclic, and so H is cyclic as 
desired. Part (b) follows from (a), and the fact that lo is nilpotent which 
follows from 3.12(b) (see [H, 10.3.4, p. 1551). 1 
In the next section we will list some consequences 
structure of the symmetry groups of PlFs. 
of these results for the 
4. SYMMETRY GROUPS WHICH ARE NOT SMALL 
In this section we will assemble the results of the last two sections to 
show our basic result, 4.1, which gives the structure of symmetry groups of 
PlFs which are not small. We then find certain orders in which every sym- 
metry group must be small. We finish the section with 4.8 which describes 
the structure of an arbitrary symmetry group of a PlF. 
4.1. THEOREM. Let P be a non-classical PIF of Kzn which is not small. 
Either the conditions described in (a) or those described in (b) are true. 
(a) Cyclic PlFs. n is prime, and 
where 
HcAUT(H,,)=z2,,-,,. 
[HI is odd. z2,, acts transitively on X. 
(b) Starter-Induced PlFs. There is an “ideal point” i such that t E Z: 
implies z(i) = i. There is a unique “starter-group” G c Z; such that 
/GJ = 2n - 1 and acts transitively on X - (il. Also, G is nilpotent, and 
with 
Hc AUT(G). 
1 HI is odd. H acts by automorphisms on G which leave only 1 fixed, and thus 
1 HI divides n - 1 . 
Proof ZG contains no modified l-factor symmetries by 1.6(b). Then use 
3.3(b) to find that (Z;)Odd has exactly two orbits. If f2 is 0 for (ZG)Odd, then 
2.7(c) says that (Z$)Odd must be small. Hence, Z; must be small by 3.3(a). 
Thus, f2 is not 0 for (IF)“““, and we may apply 3.10 to (Z;)Odd to obtain 
that either f. or fi is 0 (for (Z:)Odd). 
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First assume that IZ:l is even. The orbits of (Z:)Odd all have an odd 
number of elements. Thus, any element of order 2 in 15 cannot leave a 
single orbit invariant because otherwise it would have a fixed-point. Thus, 
Z: can only have one orbit which means m, = 2n. This shows that f. above 
is not zero, and consequently fi is zero. The properties in (a) now follow 
from 3.12, 3.13, and 4.2 given below. 
Next, we assume that ZF = (Z:)Odd. The first case we consider is when 
fi = 0. Lemma 2.3 says f. = n - 1. Now in the proof of 3.10 it was shown 
that U (defined in (*)) is equal to G where IGI =mOml = m, (note m, is 1 
here). Since I UI =fo + 1, we have m, = n. Thus, 3.13 and 4.2 give us a 
contradiction. Finally, we consider fi # 0 which means f. = 0. First observe 
that IF,,1 = 1 by 3.9(a). Because f. = 0 we have m, = 1, and so the Z, 
described in 3.12 is I,. Statement 3.12(a) then says I, is a normal subgroup 
of I:. Therefore, Z: = N(Z,). We now use 3.6(a) to find IFtl;,I = 1. Thus, the 
ideal point mentioned in (c) exists. Next, we show that there is a starter- 
group G. Let G = I,. Lemma 2.3 says that fi = 2n - 2. Now apply Eq. (*) in 
the proof of 3.10 to G to find IGJ = I U( = 1 +fo +fi = 2n - 1. Thus, G has 
the correct cardinality. Let H = Z2. The only statement in (c) which is not 
contained in 3.12 is that H acts by fixed-point-free automorphisms. Let 
g E G be a fixed-point of automorphism corresponding to h E H, h # f. This 
means hghk’ =g, and thus (h, g) is abelian. If g # f, then 3.8(a) says 
Fg = Fh which is a contradiction. Thus, g = 1, and H acts by fixed-point free 
automorphisms. The proof is now complete. 1 
4.2. LEMMA. Let P be a PlF of KZn. Suppose ZF has an element of order 
n. The following are true. 
(a) Zf Z’p is not small, then n is prime. 
(b) Zf n is prime, then Zc contains a 2n cycle. 
Proof We start with (a). We first observe if ZF contains an element r 
of order n, then n must be odd. To show this observe z must be the product 
of two disjoint n-cycles by [I, 3.41 (3.4(c) is the only case that can apply). 
We now see n cannot be even because if it were then ?I2 would be an ele- 
ment of order 2 with no fixed-points, contradicting 1.3(e). Thus, n is odd. 
Next, we use [I, 3.151 to find that if z(z) = y, y, . ..y. is the disjoint cycle 
decomposition of z(z) and if none of the yC are l-cycles, then the yC all have 
different lengths. Since (z ) c Ztdd and IZ,“ddl divides n, we have (z ) = Zidd 
which is normal in Zc as pointed out in the proof of 3.12. Let g E Z:. If 0 
is an (z(z)) orbit in P, then a direct calculation shows z(g) 0 is also an 
(z(r)) orbit. Now each non-singleton orbit of (z(z)) has cardinality equal 
to the length of yC for some c. Since g permutes these orbits, and they all 
have different cardinality, g must leave invariant each orbit which is not a 
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singleton. Since Zc is not small, there is a g of prime order p in Z$ which 
has a fixed-point in X but which is not the identity. This means p does not 
divide n. Since o( y,) does divide n, p cannot divide o(y,). Thus, z(g) must 
fix at least one element of P in each non-singleton orbit of (z(z)). Since g 
has a fixed-point, z(g) cannot lix two distinct l-factors. This means (z(z)) 
can have at most one-singleton orbit, and thus z(r) is a single cycle yl. The 
order of y1 must be n so z(z) must have n - 1 lixed-points. Since z must 
be the product of an equal number of n cycles, one may assume, after 
relabelling vertices if necessary, that 
z= (1, 3, 5, . . . . 2n- 1)(2, 4, 6, . . . . 2n). 
One can easily verify that the elements of Szn of order 2 that commute with 
z are CJ, which are defined by 
a,(2j+ 1) = 2(j+ a) mod 2n 
0,(2j) = 2(j - a) + 1 mod 2n. 
There are exactly n of these elements, and they are in fact the elements of 
order 2 in (oa, a,) = ED,. Since the point fixed by i(z) are l-factors that 
commute with z, and since these n elements of order 2 are the only 
elements of order 2 that commute with z, it must be that exactly n - 1 of 
them are l-factors fixed by i(z). For any CT, there are only q(n) of these 
elements of order 2 which when multiplied by cr, will give a product of two 
disjoint n-cycles. This means q(n) 2 n - 2 which implies n is prime. 
We finish with (b). If n is prime, then i(z) must be a single n-cycle, and 
thus z must commute with n - 1 of the l-factors. Again assume 
z = (1, 3, . . . . 2n - 1)(2, 4, . . . . 2n). By a cyclic change in the even vertices, if 
necessary, we may assume that 
zO=(l, 2)(3,4)...(2n- 1,2n) 
is the element of order 2 that commutes with z and is not in P. We will 
show z. is in Z;, and thus rzo will be the 2n-cycle in ZF. We must show 
z,Pz, is P. First consider P’ = P n C(z). We have that 
P’u (To) = ( X: o(x) = 2 and x E C(z)). 
Since C(z) is a group, this set is invariant under conjugation by all the 
elements of C(z) and thus, in particular, by zo. Since (zo} is invariant 
under conjugation by zo, we have z. P’zo = P’. We will finish by showing if 
5 E P - P’, then ro~zo = 0. Before we start the analysis necessary to prove 
this, let us state some properties of the elements of P- P’. There are 
exactly n edges which connect an even vertex to an odd vertex and which 
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are not contained in one of the l-factors of P’. They are (1,2), (3,4), . . . . 
(2n - 1, 2n). There is a co in P - P’ such that a,( 1) = 2 since there is not 
such element of P’. If we let 
Uj = ziUOz -J ,  
then gj(2j + 1) = 2j + 2. Because there are n distinct aj, each aj has exactly 
one edge which connects an even vertex to an odd vertex-(2j + 1, 2j + 2). 
Note also that since P - P’ = {a,: j= 0, 1, 2, . . . . n - 1}, we must only show 
zo~ozo = oo. This is true since if zo~oro = co, then 
We now show zo~oro = o. to complete the proof of the lemma. We will 
show (P - {cro}) u {zo~ozg} is a l-factorization of KZn which will mean 
o. = zo~oro. To do this we must show rocrozo has no line in common with 
any element of P - {G}. If 0’ E P’, then c~‘z~~~z~ is conjugate to 
70 cfzo 60 = d’uo where 0” E P’ from the above. Thus, zocr’zo~o is the 
product of two disjoint n-cycles. This shows zo~‘ro~o, and thus ~~~~~~~~ 
has no fixed-points as desired. Next, we assume ci E P - P’ for some 
i # 0 mod n. Assume 
44 = ~o~o~o@) 
for some a. We will assume a is odd; an even a can be dealt with in a 
similar fashion. First we show oi(a) must also be odd. If zo~ozo(u) is even, 
then z,(a) must be 2 since z. interchanges parity and co preserves parity, 
of every even number except 2. This means a = 1. But ro~ozo( 1) = 2 so 
a,( 1) = 2. This is not possible since (cj, a,) is Hamiltonian. Thus, oi(a) is 
odd. Next deline 
Bea use (I ‘i(a) is odd, we have 
the same reason. This gi ves 
a,(a) = C;(Q). Also rg(~Oro(a) = roiToro(a) for 
We now perform a calculation that enables us to analyze this equation. Let 
z = xy where 
x=(1, 3, 5, . . . . 2n- 1) and y = (2, 4, 6, . . . . 2n). 
Observe that the elements of P’ are of the form 
0; = xJy -ho. 
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Since (aj, a) is Hamiltonian, we have that ~;cJ~ is a product of two disjoint 
n-cycles. Thus, g;cO( 1, 2) = ajl6, is a 212 cycle. This means 
z= [c+q’ 
= x-‘y-$J&Jx’y-‘z,d, 
is a product of two disjoint n-cycles. A computation shows rOxzo = y and 
z. yz, = x. Thus, 
Now let j= -i. We have 
This gives us 
because y fixes the odd vertices and both pi and r,~,z, take odd vertices 
to odd vertices. Now (*) gives us rozzo(a) = a which contradicts the fact 
that r. zzo is a product of two disjoint n-cycles. The proof is now 
complete. 1 
One of the consequences of 4.1 is that there are certain values of n for 
which every symmetry group of a PlF is small. Thus, the proof of the 
existence of PlFs for these n should prove to be particularly difficult. We 
give some examples of small orders below. 
4.3. DEFINITION. If IF is small for every P1F of K2n, then n is called a 
small order. 
4.4. COROLLARY. If n = 2” + 1 for some m with n, and 2n - 1 not prime, 
then n is small. (Some examples are n = 33, 65, 513.) 
Proof. This follows directly from 4.1. 
4.5. LEMMA. If 2n - 1 is square-free, and I; is not small, then the group 
G of 4.1(c) is cyclic. 
Proof. Since 2n - 1 is square-free, all of the Sylow p-subgroups have 
order exactly p and are thus cyclic. Since G is nilpotent, it is the direct sum 
of its Sylow subgroups [H, 10.3.4, p. 1551, and so G is cyclic. n 
4.6. COROLLARY. Zf 2n - 1 is square free, gcd( (p(2n - 1 ), n - 1) = 2” for 
some m, and neither 2n - 1 nor n is prime, then n is a small order. (Some 
examples are n = 8, 18, 20, 26, 28, 35, 46, 48.) 
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ProoJ: By 4.5 and 4.1 (c) G must be Z,, _ 1 ; hence 
IAUT(iZ,,- I)1 = q(2n - I). 
Thus, IHI divides gcd(q(2n - 1 ), n - 1 ), and /HI is odd which shows 
H = (I} as desired. m 
4.7. COROLLARY. If n - 1 is an odd prime and 2n - 1 is not a prime 
power, then n is a small order. (Some examples are n = 8, 18, 20, 32, 38, 44, 
48.) 
ProoJ: Note that n is even, and thus n is not prime. Theorem 4.1 says 
the only possible symmetry group which is not small occurs as described 
in 4.1(c) with I HI = n - 1. Since H acts by fixed-point-free automorphisms 
on G, H must have exactly three orbits in G, one consisting of (I} and the 
other two each having n - 1 elements. We claim if g # 1, then g and g-’ 
cannot be in the same orbit. If they were, there would be an 
hEHcAUT(G) such that h(g)=g-‘. Thus, h*(g)=g, and so h*=T. But 
H has odd order so h = 1 giving a contradiction. Thus, given any two non- 
identity elements g and g’ of G either g’ = h(g) or g’ = h(g-‘) for some 
h E H. This means that every non-identity element in G has the same order, 
and so G is a p-group for some prime p. Since 2n - 1 is not a prime power, 
this is not possible. 1 
Now we give a theorem which summarizes the information we have 
about small Ip as well as the non-small Ip. 
4.8. THEOREM. Let P be P1F of K2,,. I; must satisfy one of the following 
properties. 
(a) (i) 2n- 1 is prime, P=GK2,-l, and I:= [Z2n-1]Z2n-2. 
(ii) n is prime, P= GA,,, and I:= [Z2,]Z,- 1. 
(b) n is prime, I; = [Z2,] Z, where m divides (n - 1)/2, and m is odd. 
(See [I21 for th e correspondance between these Pl F’s and those described in 
(d)(i) below). 
(c) I;= [Z,J H h w ere k divides 2n, H c AUT(Zk), k (HI < 2n, and 
either (i) or (ii) below. 
(i) IHI divides gcd(cp(k), 2n - l), or 
(ii) IHI divides gcd(q(k), n - l), and IHI is odd. 
(d) I;=[G]H h w ere either (i) or (ii) below are true. 
(i) IGI =2n- 1 and I HI divides n - 1. G and H are described in 
4.1(b). 
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(ii) 1 GI divides 2n - 1, 1 HI divides n - 1, I HI is odd, and 
IGI IHI <2n- 1. 
(e) lZ;l divides 2n. Either lZ:l is odd or n is odd. All of the Sylow 
subgroups of Zr are cyclic. 
(f) lZ;l divides 2n - 2. Either IZ;I is odd, or the description in 1.6 
applies. 
Proof: The classical PlFs are included in (a). The case in which Zc 
contains a central modilied l-factor symmetry is included in (f). Thus, all 
symmetry groups that contain a modified l-factor symmetry have been 
included. If Z; is not small and has no modified l-factor symmetries, then 
either (b) or (d)(i) applies by 4.1. Thus, we must now only consider the 
case in which ZF is small and contains no modified l-factor symmetries. 
Theorem 3.10 says at least one m, is one. First consider the case when 
exactly one m, is one. If m, = 1, then 3.12 gives us (d)(ii). If m, # 1, then 
ZL=Zo in 3.12. We use 3.13(b) to see lo is cyclic. This gives us either (d)(i) 
or (d)(ii) corresponding to m2 = 1 or m, = 1, respectively. Finally, (d)(ii), 
(e), and (f) describe the remaining case in which only one of the m, is 
different from one. 1 
We finish this paper with a corollary of this theorem which casts some 
light on those Zc that act 2-homogeneously on the l-factors. A PlF which 
has a 2-homogeneous symmetry group has the convenient property that 
the union of any two distinct l-factors has the same cycle structure as the 
union of any other two distinct l-factors. Because of this it was hoped that 
PlFs with this symmetry might be relatively easy to generate. While this is 
most likely true, the theorem below shows that they can occur for relatively 
few orders. First we define 2-homogeneous. 
4.9. DEFINITION. I, is called 2-homogeneous on P (or just 
2-homogeneous) if Zp’s action on 
P2= ((0, o’}: 6, a’ EP, a#a’} 
defined by 
p:I,xP2+P2 
p(z, (0, o’]) = (TcTt-1, d-1} 
is transitive. I, is strictly 2-homogeneous on P if the action p is transitive, 
and p(z, X) = x for any x E P2 implies z = f. 
4.10. THEOREM. Let P be a non-classical PlF of K2,,. The following are 
equivalent. 
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(a) IIF1 > (2n - l)(n - 1). 
(b) IF is 2-homogeneous on P. 
(c) IF is strictly 2-homogeneous on P with the following properties. 
(i) 2n - 1 =pm for some prime p and integer m and pm = 3 (mod 4). 
(ii) I: has starter-group (Z,)* (see 4.1(b)) and 
1; c [(~,)“I Wm, Z,) 
with IZ”pl = p”(p” - 1)/2. Here the group 
denotes the group (m + 1) x (m + 1) matrices 
M, v 
I[ I 0, 1 
: A4 is an m x m matrix with entries from Z,, 
det (M) # 0 and v E ( Zp)m . 
Note that (Z,)m is used to denote the set of m-dimensional column vectors 
with entries in Z,. The 0 in the matrix denotes the row vector with m zeros 
and the 1 denotes the identity in Z,. (See CS2, p. 73-j for a discussion of 
matrix groups. ) 
Proof: Clearly (c) implies (b) implies (a) since 1 P2 1 = (2n - 1 )(n - 1). 
We must only show (a) implies (c). Theorem 4.8 tells us that the only 
possibility is (d)(i) where IHI = n - 1. Since H acts by fixed-point-free 
automorphisms on G, we have that H has two orbits on G - {I>. The 
argument given in the proof of 4.7 shows the elements of one orbit are the 
inverses of the elements of the other orbit. Since G is nilpotent, it has a 
non-trivial center. Both the inverse of a central element and its image under 
an automorphism are still central elements. Thus, every element in G must 
be central. Also, since inversion and application of an automorphism 
preserve the order of an element, every element in G has the same order. 
Thus, G is an abelian p group. This, together with 4.8(d)(i), gives us every- 
thing in (c) (p” = 3 (mod 4) because n - 1 must be odd). 1 
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